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394 Mr. Davison on the Relation between Size of a Planet 

throw the whole contraction into the vertical dimension, every 
shell will descend too far. It  is obvious therefore that, on 
both accounts, we get too much compression or folding. 
These are the suppositions that I made to simplify the cal- 
culation. The amount of sinking of the shells, and consequent 
compression owing to loss of room, is then simply caused by 
the total contraction in the vertical of the matter interior to 
each shell ; and does not depend upon when the contraction 
occurred, or how long it took ; and is therefore independent 
of the time ; and is so far not according to nature. But 
nevertheless, seeing that it gives a superior limit to the com- 
pression and consequent elevations, if we find the result too 
small to suit the observed facts, it furnishes an & fortiori 
argument against the so-called "contraction theory." 

The tidal theories of Proiessors Pierce and Darwin, ap- 
pealed to in section 19 of Mr. Davison's paper to supplement 
the contraction-theory, involve considerations of so much 
complexity that I make no reference to them here. 

LI. Note on the Relation between the Size of a Planet and the 
Rate of 3lonntain-buildlng on its Surface. Bg CHARLES 
DAVISON, J~f.A., kfathematlcal Master at King Edward's 
High School, Birmingham. -~ 

1. I N ~ recent papert I have investigated the distribution 
of strain in the earth's crust resulting from secular 

cooling, supposing the earth to have been initially at a high 
temperature and practically solid throughout. Other condi- 
tions being the same, it is not di~eult to show that, the 
smaller a planet, the more rapid is the rate of mountain- 
building on its surfac% at any rate in the early periods of its 
history. 

Supposing the planet to consist of an uncooled spherical 
nucleus surrounded by a series of very thin concentric sphe- 
rical shells, of internal radii r0, rl,  . . . .  respectively (begin- 
ning from the nucleus), then tile change of radius of the inner 
sur/kce of the (n+ 1)th shell in a given time is proportional 
t o  e s 

 (ro . Oo + C., ol + . . . .  + ), 

where ~0 is the difference in the rates of cooling of two con- 
secutive shells, and e is the coemcient of expansion;~. I f  this 

* Communicated by the Author. 
t "On the Distribution of Strain in the :Earth's Crust resulting from 

Socular Cooling, &c.," Phil. ~l'rans. vol. 178 (1887), A. pp. 231-242. 
Ibid. p. 233. 
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and Rate of J]fountaln-buildS~g on its Surface. 395 

expression be positive, the corresponding shell is stretched; 
if  it be negative, the shell is folded. The following reasoning 
shows that there exists a surface of zero-strain within the 
planet*, below which its crust is stretched, and above which 
it is crumpled. 

2. At the surface of greatest rate of cooling, 80 is zero. 
Let rx be the radius of this surface, and r,~ the radius of the 
planet. Then, if cooling has not yet sensibly begun at the 
centre, we know that 

numerically, the terms on the ]eft side being positive, and on 
the right negative. 

On either side of the surface of greatest rate of cooling, let 
there be the same nmnber of shells, and their thicknesses such 
that, numerically, ~00=$0~ , $01=~0~_i, and so on. 

Then, in the series 

*o ~ . ~0o + r ? .  ~0, + . . . .  + , . ~ .  ~ 0 ,  (1) 
We h a v e  

~0,,=--~0o, and ~,>ro, 
. ' .  r ~ .  S0,+r0 ~ • ~00 is negative. 

This is the case with every pair of terms equidistant from the 
beginning and end of the series. 

Therefore, the sum of the series is negative. 
But the terms from ro 3 500 to r g .~0~-1 are all positive. 

• x - - 1  

Starting, then, from the first term, it follows that up to and 
including a certain term ry 3 . ~0y, y being greater than x and 
less than n, the stun is zero. 

Hence, there exists a surface of zero-strain within the 
sphere. 

I f  cooling have begun at the centre, this simply cuts off 
some of the terms from the beginning of the series, and its 
effect is to still further deepen the surface of zero-strain. 

3. I f  the radius of the sphere be infinitely great, the ratios 
of r~ to to, of 'gn--1 to  'fl, &C.) are unity, and the sum of the 
series (1) is zero; i. e. the surface of zero-strain coincides 
with the surface of the sphere. In other words, on a globe 
of very large radius, provided its surface be initially smooth 
and spherical, no mountain-ranges can be formed by contrac- 
tion ti'om secular cooling, during a very long time from the 
commencement of its history. And, in any ease, the course 
of geological change on such a body will probably be very 
different from what we know it to have been upon the earth. 

* The same prnof holds of course for any sphere, however small, 
cooling from a uniform temperature. 

2 D 2  
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396 Rate of Mountain-building on the Surface of a Planet. 

4. Sir W. Thomson's well-known solution in his " Secular 
Cooling of the Earth " applies without sensible error to the 
earth, and even to smaller bodies, for many millions of years 
from the time of consolidation. This being the case, the rate 
of cooling at a given depth and time is for a considerable 
period independent of the radius of the planet. 

Let  z and z r be any pair of depths below the surface of a 
sphere for which the values of 60 are nmnerically equal, z I 
being the greater. Then, r being the radius of the spher% 

~" - -  Z Z t  - -  Z 

- -  = i + r - - z  ~ '  ,p _ _  ~z  

which increases as r decreases, since z I is greater than z and 
less than r. 

Hence, the smaller the radius of the sphere the greater are 
the ratios of r .  to r0, of r n - 1  tO ~'1, and so on; and therefore 
the deeper is the surface of zero-strain at any time below the 
surface of the sphere. 

5. The amount of folding of any thin shell of radius r~ and 
thickness a is 8¢carfl ~, where 

d -  xA (rLl" + r3 S0.), 
- - ~ n ~ ,  " . , • . 

being a constant, and ry the radius of the surface of zero- 
strain. 

Now, in any given time, with the assumed law of cooling, 
the values of ~0,,, etc., are the same whatever be the radius of 
the sphere. If', then, the radius of the sphere be large com- 
pared with the depth of the surface of zero-strtfin (which is 
the case in the early periods of a planet's history), the above 
expression shows that d varies very nearly as r, ,  the radius of 
the shell. 

Suppose, for a moment, that at any time since consolida- 
tion the depth of the surface of zero-strain is independent of 
the radius of the planet, and let the crust between its surthce 
and the surface of zero-strain be always divided into the same 
number of shells, so that at a given time the thickness (a) of 
each shell is the same. 

In this case, then, XSrrard varies as r~ very nearly, and 
therefore, if the depth of the surface of zero-strain were the 
same in all planets after the same period of cooling, the total 
amount of rock-folding in a given time in a planet would 
vary as the area of its surface. 

But, as shown above, the depth of the surface of zero-strain 

* Ibid. p. 236. 
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Twin Prisms for _Polarimeters. 397 

is greater the less the radius of the sphere. Hence, at a 
given time since consolidation, the rate of rock-folding on 
the smaller of two planets is to that on the larger in a greater 
ratio than the surface of the former to the surface of the 
latter. 

6. lgothing can be inferred from this as to the relative 
heights of individual mountain-ranges on dlttbrent planets. 
If, however, at the same periods of their history, the 
mountains on a small planet be of the same or less average 
height than on a large one, then the rate of continental evolu- 
tion on the former must, area for area, be greater than on the 
latter ; or, cceteris paribus, the continents of a small planet 
encroach upon its ocean-areas more rapidly than do those of a 
larger one. 

Perhaps this may in part account for the possibly advanced 
state of development of the planet Mars, as indicated by what 
seem to be its comparatively extensive continents and narrow 
ocean-beds. 

LI I .  Twin Prisms for Polarimeters. 
By  Professor SILV~XUS P. THOM1)SOX, D.Sc.* 

T O explain the points of novelty in the new twin-prisms 
now exhibited by the author, a brief rd.~umd of some of 

the recent advances in polarimetry is needed. In the earliest 
apparatus, dating from the time of Blot, the polarizer was 
usually a bundle of glass plates, the analyzer a simple double- 
image prism or ~icol prism provided with a divided circle to 
measure its rotation. With the subsequent substitution of 
compensators and of spectroscopic apparatus in the analyzing 
portion of the apparatus, this paper has no concern, inasmuch 
as the prisms to be described are intended to serve as polar- 
izers only, not as analyzers. 

When the polarizer was a mere bundle of plates, or a Nieol 
prism, producing simple plane-polarized light of approximately 
homogeneous complaneity all over the visual field of the 
apparatus, exact measurements of the angle of rotation were 
not easy, simply because the eye failed, . through a certain 
range of angle, to determine the precise position of the 
analyzer giving maximum extinction of light. For more 
exact polarimetry, Soleil~, in 1845~ introduced the biquartz 

* Communicated by the author~ having been read before Section A 
of the British Association Meeting at Manchester. 

t Coml~tes _Rendus, xx. p. 1805~ 1845 ; xxi. 10. 426, 1845 ; xxiv. p. 973, 
1847 ~ and. xxvi. p. 163, 1848. 
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